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An Adaptive Backstepping Trajectory Tracking Control of a Tractor

Trailer Wheeled Mobile Robot

Nguyen Thanh Binh, Nguyen Anh Tung, Dao Phuong Nam*, and Nguyen Hong Quang

Abstract: The considered Tractor Trailer Wheeled Mobile Robot (TTWMR) is type of Mobile Robot including a
master robot — Tractor and slave robots — Trailers which moves along Tractor to track a given desired trajectory. The
main difficulties of the stabilization and the tracking control of TTWMR are due to nonlinear and underactuated
systems subjected to nonholonomic constraints. In order to overcome these problems, firstly, we develop the model
of TTWMR and transform the tracking error model to the triangular form to propose a control law and an adaptive
law. Secondly, the varying time state feedback controllers are designed to generate actuator torques by using
Backstepping technique and Lyapunov direct’s method, in that these are able to guarantee the stability of the whole
system including kinematics and dynamics. In addition, the Babarlat’s lemma is used to prove that the proposed
tracking errors converge to the origin and the proposed adaptive law is carried on to tackle unknown parameter
problem. The simulations are implemented to demonstrate the effective performances of the proposed adaptive law

and the proposed control law.
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1. INTRODUCTION

The Tractor Trailer Wheeled Mobile Robot has been
playing a crucial role in various applications of the indus-
try such as transportation and delivery systems because of
its simplicity, efficiency and flexibility. The considered
TTWMR consists of the Tractor which is a unicycle type
robot is controlled by two different wheel torques to tow
the Trailers tracking a feasible trajectory. By connecting
or releasing several Trailers, the system can move pay-
loads following a given path without changing any actu-
ators. It is clear that the TTWMR includes many Wheel
Mobile Robots, therefore, it is still the nonlinear and un-
deractuated system subjected to nonholomic constraints,
leading to significant complexity in control tasks. In the
objective of this paper, the slave robots must track a de-
sired position and orientation with a specified timing law.
There were many controllers which were proposed to con-
trol single WMR [1-4] , but none of them can apply di-
rectly or indirectly to TTWMR because of the difference
in kinematic and dynamic model of two types.

Over the last of few decades, several studies have been
proposed to prove the stabilization and the tracking con-
trol of nonholomic systems such as WMR and TTWMR.
In [5], the authors proposed a local feedback transforma-

tion to convert many kinematic models of nonholomic sys-
tem to chained form and the researchers in [6] designed
control law to achieve semiglobal tracking by using recur-
sive technique. The main drawback of this approach is
that the local diffeomorphism coordinate change in [5] is
complicated to apply to other work, in case the movement
of the considered TTWMR system is restricted. A kine-
matic controller in [6] was designed by using exact lin-
earization for the tracking trajectory based on circle path
and straight line of articulated vehicle path. All of the
above control laws based on mostly kinematic model, as-
suming perfect velocity tracking and neglecting systems’
inertia. There were few reports taking into account of dy-
namic control approach. In [7], the authors developed the
robust adaptive control for the Tractor Trailer system with
experiment implementation. The kinematics and dynam-
ics were considered independently to design controllers,
hence the stability of the whole system has not been in-
vestigated. Kayacan et al. (2015) proposed the nonlinear
model predictive control law to obtain trajectory tracking
of the Tractor Trailer system [8,9]. However, it is hard to
implement the control law based on microcontroller be-
cause of computing ability. The ideal of Backstepping
kinematics into dynamics approach was proposed in [10].
However, the authors did not give the specified control law
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for TTWMR and did not consider unknown parameter
problem.

One of the main obstacles of control design in TTWMR
is the apprearance of unknown parameters in mathemati-
cal model, therefore, there were several proposed studies
to overcome this challenge. Because of many joint vari-
ables in the study [11], the authors divided the general
dynamic model into two parts including attitude and posi-
tion to implement the control law. However, This separa-
tion method is not based on the non-holonomic constraints
and does not inherit the properties of the electromechan-
ical system, leading to using the Artificial Neural Net-
work (ANN) to estimate the uncertainties. The authors
in [12] researched into a fully actuated constrained robot
subjected to holonomic constraints. Therefore, they did
not need to separate the general dynamic model into two
parts to design the control law and the adaptive law based
on the ANN as the above study. Furthermore, the theoret-
ical contribution of this research is that finding a solution
of the output and full state constraints. The authors in [12]
continuously improve their work in [13] when the control
law was designed by using the Barrier Lyapunov function.
Additionally, the study in [14] consider the fully actuated
robotic manipulators subjected to holonomic constrains to
design the output feedback control scheme based on the
ANN to solve the input saturation problem.

The authors in [15] used the coordinate transforms and
Pale approximation to compensate input delays and Bar-
rier Lyapunov function to guarantee the input constraints.
In order to implement robust adaptive control law, they
used the Backtepping technique based on the ANN to es-
timate unknown terms. The research [16] did not employ
the ANN because the authors investigated the nonlinear
strict-feedback systems which is easier than above sys-
tem. The authors in [15, 16] have improved their work
in [17] to research into the SISO stochastic nonlinear sys-
tem. Because this system contains a simple term which
equals the product of unknown constant vector and known
nonlinear function vector, the control scheme did not need
to use the ANN as [16]. The study in [18] considered us-
ing the Fuzzy model to estimate the uncertain terms in all
the equations of the state space model. It can be seen that
the key point of these above studies [15-18] is to show
using Barrier Lyapunov function to design robust adaptive
controller.

In this paper, we design a controller which is able to
guarantee both the stabilization and the tracking for Trac-
tor — Trailer robot with unknown dynamic parameters.
First of all, we develop the model of TTWMR and trans-
form the tracking error model to the triangular form in [7]
to propose a control law and an adaptive law. The Back-
stepping technique [19] and Lyapunov direct method are
used to find the control torques and the adaptive law. Fi-
nally, that tracking errors converge to the origin is proved
by using Babarlat’s lemma in [20]. The theoretical contri-

Fig. 1. The model of the investigated TTWMR system.

bution in this study focuses on the asymptotic stability of
the whole system, while the previous research in [7] only
indicates the stability of the control law of each subsystem
and ignores the stability of the whole system. In order to
overcome the unknown parameter problem, the authors in
several studies [11-15, 18] use the Fuzzy control and the
ANN to design the adaptive law. Therefore, they are nec-
essary to analyze the Neural Network approximation error
in control design, which does not lead to the asymptotic
stability, for example, UUB and ISS. On the contrary, be-
cause of the separation properties of the electromechan-
ical system, the dynamic model definitely equal to the
product of the state functions and the parameters to use
the certainty equivalence adaptive control, leading to the
asymptotic stability without identifying unknown parame-
ters and using the ANN or the Fuzzy control. Although the
estimated parameters of the certainty equivalence cannot
converge to the real parameters like the ANN, the track-
ing errors are able to converge to the origin asymptotically,
whose theoretical contribution to the stability proof is ab-
solutely better than that of the ANN.

This paper consists of five parts. In Section 2, problem
statement including dynamic model and control objective
is introduced. State feedback control design is proposed
to prove the stability of the whole system in Section 3. In
Section 4, simulation results are implemented to demon-
strate the effectiveness of the proposed method in previous
section. Final section concludes this paper.

2. PROBLEM STATEMENT

In this section, we introduce the mathematic model of
TTWMR and the control objective. Describing the model
of TTMWR and non holomic constraints, we use the trans-
formation to eliminate this constraint to build the kine-
matic and dynamic model. We design a desired trajectory
and present several assumption to find two wheel torques
to achieve a tracking objective.
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Table 1. The parameters and variables of the investigated

TTWMR system.

Definition Symbol (unit)
Distance between master central point and ao (m)
2 master wheels
Distance between slave central point and ay (m)
2 slave wheels
Master and slave mass mgy, my (kg)
Master and slave inertia Iy, I) (kg.m?)
Master central point Co
Slave central point C,
Central point two master wheels Py
Central point two slave wheels P
Distance between P, and linking joint d (m)
Distance between Py(P;) and wheels b (m)
Position of Trailer x (m), y (m)
Reference position of Trailer X, (m), y, (m)
Angle of Tractor 6y (rad)
Reference angle of Tractor 6y, (rad)
Angle of Trailer 0, (rad)
Reference angle of Trailer 0,, (rad)
Left and right wheel control torque 7, T, (N.m)
Position tracking error ey, e, (m)
Angular tracking error eg,, eq, (rad)

2.1. Model description

We consider the TTWMR in Fig. 1 and describe its
kinematic model in [8].

1 T

sin(61) 3 tan(@o — 61) 0

0 0 0 1]
(D

where g = [x,y, 01, 0] is state variable, u, is linear veloc-
ity of the Trailer and u, is angular velocity of the Tractor.
In this paper, u = [u;,u5] is associated with angular veloc-
ity of two different wheels of Tractor when assuming that
robot does not slip and sliding motion between tire and
road as follows:

ro . .
u = 5((p,+(p1)cos(90791),
ro . .
Uy = E((pr_(pl)a )

where r is the radius of two wheels, b is a half of distance
between Tractor’s wheels, and (]5,, (15, are denoted as angu-
lar velocities of Tractor’s left and right wheels.

The nonholomic system constraints can be written as:

A(q)g=0, 3
Alg) = ZEES?; —cos(6y) —dcos(6p—6;) 0

—cos(6;) 0 o|"

The dynamic equations of the Tractor — Trailer can be
obtained by using the Lagrange method in matrix form as:

M(q)§+C(q.9)4=B(q)T+A" (9) A, @
where T = [1, ‘L‘,}T is the control torque applying to wheels
of the Tractor and A is Lagrange multipliers. Matrices
M (q),C(q,q),B(q) are same as those in [7] .

From (1), we definitely derive the second time — derivative
of the state variable g:

G=S(q)i+S(q)u )

In order to eliminate the nonholomic constraints in (4),
multiplying both side of (4) by matrix ST (¢) and using
the fact that S (¢) AT (¢) = ©:

M, (q)u+Ci(q,g)u=Bi(q)r, 6)
where

M, (q) =S(q)"M(q)S(q),Bi(q) =S(q)"B(q),

Ci(q,9) =S(q)"M(q)S(q)+5(q)"C(q.4)S(q)-

Setting new control torques:

T = T+ T
' cos(6p—6))’
T =T — T (7)

The dynamic model in (6) is written as follows:

M (q)u+Cy(q,q)u=7, 3
where
1
- 0
T= |:T]:| ) Bl =T bl
T 0o 2
r

By'M, (q) =M, (q);B;'Ci(q,9) = C2(q,4),

}’[9] 2
(mo—l—ml)r—&-?tan (90—91) 0

M, (q) = rlg, |
0 b
G (qa(’j)
}"19] (6() - 61) tan (9() - 91) —raomoé()
d*cos? (6 — 6y) cos (6 — 6)
raomoeo 0
bcos (6)— 61)

19] :mlaf—&—modz—i-ll; Ig, :moa(z)—‘rl().

In this expression, mg,m; and Iy, I, are mass and inte-
ria moment of Tractor and Trailer respectively. M, (q) is
symmetric positive definite inertia matrix, C; (¢, ¢) is cen-
tripetal, coriolis matrix.

Remark 1: By setting new control torque in (7) and
multiplying both side of (6) by matrix B, (q), we ob-
tain the dynamic model (8) which is different from pre-
vious dynamic model in [7-9] by following property that
unknown parameters (ao,ar,mg, m1, 1y, ,Ig,) Were put into
matrix Mz (¢), C2(q,4).
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2.2.  Control objective

Let (x, yr, 61, 6o,) denote the desired reference posi-
tion and orientation of the virtual robot whose motion is
satisfied:

X, = uy,cos 0y,

Yr = u1,8in 0y,

0, = u,d! tan(6p, — 6y,),

Bor = 2y, )

where u;, and u,, are the linear and angular velocities of
virtual robot, respectively. Furthermore (x.(0), y-(0)) are
initial position and ( 6y,(0), 6y,(0)) are initial orientation
of the reference trajectory.

The control objective is to find the control torque 7 to
apply to two wheels of Tractor to guarantee that the track-
ing errors between real trajectory and desired trajectory
generated by (9) converge to the origin.

In order to achieve control objective, we give the fol-
lowing assumptions:

Assumption 1: All reference signals x,, y,, 6., 6y,
uy,, U and their first and second order time derivative
are bounded, which are necessary to apply the Barbalat’s
lemma in [20] when proving the stability of the whole
system with negative semi-definite derivative of the Lya-
punov function in Theorem 1.

Assumption 2: |u;, (t)| > puVr € [0,400) where u is
strictly positive constant.

Assumption 3: The heading angles of virtual and real
robot satisfy:

a) (6o, —61,) and (60—61)7&k7r+g Vi € [0, 4c)
T
b) (91,—91)75](754-5 VIE[O,"FW).

Remark 2: The problem of the tracking smooth path
continuously belongs to Assumption 2. In this case, the
desired linear velocity is nonzero. The assumption 3a
guarantees the existence of kinematic model (1) and vir-
tual robot (9). The assumption 3b implies that the Trailer
wheeled mobile robot cannot follow the desired orienta-
tion if it is perpendicular to current direction.

3. STATE FEEDBACK CONTROL DESIGN

Let us define tracking errors as follows:

e, X—X
€y y—=Vr
:R 5
€g, 0, — 0,
eg, 6o — O
cos(60y,) sin(6,,) 0 O
| —sin(6;,) cos(6,) 0 O
R= 0 0 1 0 (10)
0 0 0 1

The convergence of (ey, ey, eg, ,eq,) to the origin implies
the achievement of the control objective. From kinematic
model (1), the time — differentiating (10) is given as the
following kinematic tracking errors:

éx = 01,6y —uy+cos (eg, ) ur,

éy = —01,e,+sin (eq, ) uy,
éo, =d "tan (6 — 6) u; — by,
€q, = —U, +Up. (11

With the aid of transformation in [7], by setting:

1 =€y,
2 = ¢y,
z3 =tan(eg,),
__tan(6y — 6;) —tan (6, — 61,)cos (eq,)

“= dcos? (eg,) ey
(12)
wi = —uy,+cos (eq, ) up,
wy = 24 = Brus + Bouz + fo, (13)
where
o _tan(GOr_ 61r> .
b= d?cos? (eg, ) cos? (6 — 6;) +sin(eq,)
n 3tan2 (6p— 61)sin(eq,)
d?*cos* (eq,)
B tan? (6y, — 6),) sin (eg, )
d?cos? (eq,) ’
- (3tan(6y — 6y)sin(eq,)
= —0 r !
f2 : < dcos* (eq,) Hex
B 2tan (6o, — 61,) sing,
dcos? (eq,)
. 6.Or - 6.lr
dcos? (6y, — 60y,) cos? (eq,)’
By =d 'cos™3 (eq, ) cos 2 (6) — 6y),
cos(eg,) O
o= : ) = —Ylr )
|: ﬁl ﬁZ ] f [ uj f2 }
w = [ Wi wp ]T.
The input transformation (13) is rewritten as:
w:¢(90,91,90r,91r)u+f. (14)

Equation (14) shows the input transformation which is not
specified in [7]. By using (11), the time derivative both
side of (12) is given as:

21 =01,20 +wi,
Z =— 0,21+ (Wi +ui,) 23,
23 =1, (24 — 22)
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+wi (24 — 25 +tan(8p, — 6,)d ! (1 +Z§)) ,
24 =wWa. (15)

Now, we apply the Backstepping technique in [19] to de-
sign T. Defining virtual control errors w; and W, as:

Wi =W — Wi, Wy =Wy — Wy, (16)

where wy. and w,, are virtual controls for w; and w,, sub-
stituting (16) into (15):

21 =01,20 + wie + Wi,
2 == 01,21 + (Wie + W1 +u1,) 23,
Z3=uy (za—22)+ (Wi +w1) (z4 — 22
+tan (6o, — 61,)d " (1+23)),
24 =Wae +/ (17)

In order to design w;. and w., the first Lyapunov candi-
date function is selected as:

1 1
V1=2<z%+z§+z§+kzﬁ>, (18)

where k is a positive constant, differentiating both sides of
(18) along the solution of (17):

. 1

Vi=z4 <Z3M1r+ kW2c> +2wie

tan(Go, — 91,)
d

tan (6p, — 6;,)

=) (14.3)).

(1 + z%)) +1Z4W2

+23W1e <Z4+ X

+ 721w + 23wy <Z4 +

19)
and selecting w., wy. as follows:
Wi =—kz3 <Z4 + w (1 +Z§)>
—kozy,
wae = k(—zzu1, —ki124) . (20)
It is clear that (19) becomes:
Vi= -k +0"Q -k, 1)
where
o=[w w,|se=[a @],
Q =z+2z <Z4+ W (1 +Z_%)> ,
Q= %24-
Futher, by setting:
ue =@ (0.~ f), (22)

where @, = [ Wie Wae ]T, combining (14) and (22),
provides:

0= (u—u.)=>oi (23)

The design of the control torque 7 deduced from taking
the second Lyapunov candidate function:

Va=V;+ %ﬂTMz (q)d. (24)
Time differentiating both side of (24):

Vy=—kizZi —Q + @' Q
tic) +- éﬁTMz (q)a. (25)
Substituting (23) and (8) into (25):

+id" My (q) (i —

Vo= ki ko0 i [T Ca(g,9)u

1.
My (q)ic + 5 M2 () i+ cpTQ] . (26)
Parameterization of terms in the last bracket of (26):
1.
C(q.9)u+M: (@) — 300 (g)a=Y0,  @7)
where
= o 17
6()142 0
cos (6p— 6)
Y = e 0 ,
0 éoul
cos (6p — 6)
i 0 e i
=_ (90 — 91) tan(@o — Gl)ulc +tan2 (6 i )u
o= cos? (60— 1) b — 01 ) Uz,
T
1 1
0= [ rd—ezl rapmg (mo+my)r L(Zmo ”;o
Selecting 7 as:
T=Y0-Ti—d'Q, (28)

where I' is positive defined matrix, the equation (26) be-
comes:

Vo= —kizi — Qi —a'Tia— 'Y 6. @9

The adaptive law is designed by choosing the third Lya-
punov function candidate:

1~ =
Vs =V, + EeTAe, (30)

where A = AT is positive defined matrix. The proposed
adaptive law is:

6= -A'YTi 31)
Applying (31) and differentiating both side of (30):
Vs = —kiZ2 — i’ Tii — k, Q3. (32)
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Lemma 1 [6]: For any differentiable function f: RT —
R. If f(¢) converges to zero as t — +oo and its derivative
satisfies:

F0)=fo(t)+n (1), vt >0,

where fy is a uniformly continuous function and 1(7)
tends to zero as t — 4o , f(z) and fj(¢) tend to zeros
ast — +oo,

Theorem 1: Under Assumptions 1, 2 and 3, there exist
the positive control parameters k, ki, ko, I" such that the
controller (28) and the adaptive law (31) force the Tractor-
Trailer (1) (6) to asymptotically track the virtual robot (9).

Proof: By selecting positive constants k, k;, k, and
positive define matrix I', the time derivative of Lyapunov
function in (32) is negative semi-define, which implies
that the Lyapunov funtion V; is bounded and z;, 25, z3,
24, 1, i consequently are bounded. Under assumption 1,
from dynamic system (17), it can be derived the bounded-
ness of 21, 22, 23, 24, i1, il». Therefore, we apply Barbalat’s
lemma in Theorem 8.4 of [20], the time — derivative (32)
tends to the origin as time to infinity:

lim #=0. (33)

lim z4 =0, lim Q; =0,
{—>+oo t—>+oo

t—r+oo

Under Assumption 3 and matrix @ is invertible, according
to the definition (23):

lim (Wl,WZ) =0. (34)

t—+o0

Substituting (20) into (17). Then, we have:

d(z4)
dt

= —kuy,z3 — kkiz4 +W». (35)
Hence, the use of Lemma 1 offers:

fim 4038 _ 0, lim z3 =0. (36)

t—+o  dt t—+oo

From (33) and (36), because z3, z4 g0 to zero as t — oo,
we have lim z; =0:
t—oo
d(z3)
dt

tan (9(), — 91,)

y (1+z§))

=(wic+Ww1) <Z4—Zz+
— U122 +U1r24.

Because of lim (z1,z3,24) =0so0 lim w;. = 0. Applying
f—+too =00

lemma 1 again, we have that z, go to the origin as t —

Remark 3: The previous paper [4] applied coordinate
change to angular variable error of one wheeled mobile
robot. Because tracking control design for two wheeled
mobile robot is more complicated, authors inherit coordi-
nate change to all four variable error in [7], but proposing

separate control input as (13) and (14) to show the rela-
tionship between virtual control of kinematics and control
input of dynamics. The Lyapunov function V, (24) includ-
ing two parts which are V; of kinemetics and control input
error of dynamics indicates the stability of the whole sys-
tem by using Barbalat’s lemma in [20], which was ignored
in [7].

4. SIMULATIONS

In order to verify the proposed method in this paper,
we show the simulation results which is desired track-
ing trajectory of Tractor Trailer Wheeled Mobile Robot.
The parameters of the proposed controller are given as
:mog =1 (kg), m; = 0.4 (kg), I; = 0.005 (kg.m?), Iy =
0.002 (kg.m?), d = 0.15 (m), ap = 0.03 (m), r = 0.03
(m), b = 0.06 (m) and the initial states of system is
chosen such that initial position of mobile robot is out
of reference trajectories: u(0) = [0;0], x(0) = 1.5 (m),
y(0) = 0.5 (m), 6; (0) = —0.1 (rad), 6y (0) = —0.2 (rad),
% (0) = 2 (m), y,(0) = 0 (m), 6, = 0 (rad), 6y, (0) =0
(rad), 6 (0) = [0.02,0.02,0.3,0.3,0.01]". It is based on
Theorem 1, all coefficients are selected as follows: A =
0.1diag([1,1,1,1]), k; = 0.6, k, = 25, T = 5diag ([1,1]),
k = 100.

Simulation scenario is that the considered position of
trailer at initial state is out of the reference trajectory.
Therefore, the control objective is that the proposed con-
trollers and the proposed adaptive law make system en-
able to track this given trajectory with finite time simula-
tion. The polygon reference trajectories have some angles
which do not satisfy the Assumption 3, therefore, we have
to create some smooth angles as described in the Figs. 7-9.

The desired 1) polygon trajectory is designed in two di-
mensional space as follows:

x, = a[R+cos(nat)|cos(ot),
yr =a[R+cos(nat)|sin (o), (37)

where a and « is the scale and the angular velocity of ref-
erence trajectory, respectively and R is the radius of the
reference trajectory. It is selected as a = 0.1, ¢ = 0.5
(rad/s) and R = 2 (m).

This desired trajectory (37) combines with virtual robot
(9) to generate linear and angular velocity:

Uy, = \/(naa)zsinz (nat)+(ac)*[R+cos? (naut) ],

o dl (ulrxr+ulrx1‘ —rlUir *xrulr)yrulr

War 4 2( - .o2\2
yeuy, +dj (ulrx, fx,ulr)

dy (uy,x, — Xuy, ",u2,+2 VUL U,
_ l(l 1)(y 1 )’21 1). (38)

. 4 2 . . . 2
y%ulr +dl (ulrxr 7xrulr)

As shown in Figs. 2-3, the position and angular er-
ror tend to zero as time go to infinity. Figs. 4-5 present
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the zero convergence of linear and angular velocity er-
ror, which is consistent with Theorem 1. In addition,
Fig. 6 shows the boundedness of estimated parameters.
The dashed line in Fig. 7 stands for the polygon trajec-
tories on which, the considered TTWMR system attempt
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to track with different initial states. Through several built
model trajectories in Figs. 8-9, it is clear that the demon-
strated method brings the good performance and effective-
ness in tracking control.
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5.  CONCLUSION

This paper has presented the time varying adaptive con-
troller which has been proposed to carry out tracking con-
trol for the Tractor Trailer Wheeled Mobile Robot. The
main success of this paper is modification of using Back-

stepping technique from kinematics to dynamics.

The

simulation results for several cases of trajectory demon-
strate the effective performance of the proposed method to
trajectory tracking control. In future work, we will apply
this proposed approach to extend to nonholomic systems
including a Tractor and several Trailers.
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